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ABSTRACT: The aim of this work was to determine the
three-dimensional thermorheological behavior of isotactic
polypropylene (i-PP) in the region of its glass transition
temperature (Tg) by a master curve. The i-PP is a widespread
polymer with a Tg � 0°C. Dynamic mechanical analysis
(DMA) at varying frequencies and temperatures and bulk
tests at varying temperatures and times are carried out to
obtain the relaxation spectra. Traditionally, the combination
of time and temperature is done for thermorheological sim-
ple material by the creation of a master curve based on the
Arrhenius or William–Landel–Ferry (WLF) equation. This

investigation shows that these equations do not fit the be-
havior across the glass transition of i-PP. Instead, a new arc
tangent function is derived. Additionally, it can be shown
that the shifting factors differ from shear to bulk load. There-
fore, the mode of mechanical stress seems to have an influ-
ence on the thermorheological behavior. © 2004 Wiley Period-
icals, Inc. J Appl Polym Sci 94: 877–880, 2004
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INTRODUCTION

For polymers, it is important to consider the time- and
temperature-dependent mechanical material behav-
ior. The description of this behavior can be done by
using master curves, which combine temperature and
time by a time-temperature shift. This is a well-known
method1 to simplify the thermorheological behavior.
The well-established way to describe the time–tem-
perature shift is the Arrhenius or William–Landel–
Ferry (WLF) equation.1 The shifting factors are nor-
mally determined by one-dimensional tests but are
also applied to three-dimensional problems.

The aim of this study was to model the three-di-
mensional thermorheological behavior of isotactic
polypropylene (i-PP) by generating master curves.
Since a lot of material properties change drastically at
glass transition temperature (Tg), this is a critical area
of modeling and is the focus of the following dispatch.

THEORETICAL BACKGROUND

Strain and stress are three dimensional. At small
strains, the Boltzmann superposition principle1 is

valid. The strain �ij and stress �ij can be split into two
parts1:

�ij � e0 � eij (1)

�ij � s0 � sij (2)

The tensors s0 and e0 describe the hydrostatic pressure
and the resulting volume change. sij is a pure shear
matrix and eij is the change in form connected to sij.
Equations (1) and (2) are relevant for elastic and non-
elastic material behavior. For information about all
three dimensions, it is necessary to test the bulk prop-
erties as well as the shear behavior.

It is shown for amorphous polymers2,3 that the ther-
momechanical and rheological behavior can be corre-
lated by a shifting factor. If this is possible, the poly-
mer is called thermorheological simple.

Usually, for shifting between time and temperature,
the Arrhenius equation is used. This equation evolves
from reaction kinetics and can be derived from the
Van’t Hoff equation:4
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where aT is the shifting factor between the strain rate
�̇ at temperature T and �̇0 at the reference temperature
T0. R is the general gas constant and E is the change in
the specific enthalpy.

Equation (4) was adapted for the description of the
rheological behavior at varying temperatures of poly-
mers.

Williams et al.3 observed for amorphous polymers
that the Tg has an important influence on the shifting
factor. Based on the free volume theory, they devel-
oped a dependency according to eq. (4)3:

ln aT � B� 1
f�T0�

�
1

f�T�� (5)

f�T� � f0 � �f�T � Tg� (6)

where f is the fractional free volume at temperature T,
f0 is the fractional free volume at Tg, �f is the thermal
expansion above glass transition, and B is a model
parameter. Equation (5) is called the WLF equation
and needs three material-dependent parameters: f0/B,
�f/f0, and Tg. If the reference temperature T0 is the Tg,
eq. (5) simplifies to the more commonly known and
established equation:

ln aT �
B�f

f0
� �T � Tg�

f0 � �f�T � Tg�
� (7)

The study from WLF3 was done on amorphous poly-
mers (polystyrene and polyisobutylene) and other
glasses at high temperatures. Equation (7) was derived
for data at 50 to 100 K above Tg.

EXPERIMENTAL

Material

The material investigated is I-PP MOPLEN HP500L
from Basell Polyolefins GmbH, Frankfurt, Germany.
The molecular weight is Mw � 288560 g/mol (Mn �
81993 g/mol). The specimens (according to DIN EN

ISO 527 Type 1A) were injection molded (melt tem-
perature of 230°C and tool temperature of 50°C).

Shear

The shear properties are measured with a torsional
Rheometer RMS-800/RDSII from Rheometrics in a dy-
namic mechanical analysis (DMA) mode. The samples
have a geometry of 4 � 10 � 40 mm3 between the
clamping devices and are cut out of tensile bars. The
frequency range is between 0.055 and 55 Hz, and the
temperature range is between �70 and �90°C. The
testing mode is torsional with a maximum strain of
0.1% in the peripheral area. Therefore, the theory of
Saint-Vénant5 is used for the correct calculation of the
shear stress.

Bulk

The bulk tests are executed with a special testing
device (Fig. 1) on a Zwick 1476 universal test machine.
The massive steel body of the testing device prevents
any displacement in the circumferential direction,
while the pin is compressing the rectangular speci-
men. The samples have the geometry of 4 � 10 � 70
mm3 and are manufactured from the parallel section
of tensile bars. Therefore, the DMA and bulk speci-
mens have the same morphology and processing
background.

With this testing device, the bulk longitudinal mod-
ulus can be measured. All tests were relaxation tests at
1% strain. The temperature varied between �30 and
�40°C.

RESULTS AND DISCUSSION

Shear

The wicket plot6 is an easy method to identify ther-
morheological simple materials. It shows loss modu-
lus G� versus storage modulus G	 for all temperatures
and frequencies as it can be seen in Figure 2. A devi-

Figure 1 Testing device for the bulk tests.

Figure 2 Wicket plot of shear tests.
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ation exists but all measurements follow the course of
the mean behavior (solid line). The storage modulus
G	 is used for the time–temperature shift.

The Arrhenius or WLF equation does not fit the
shear factors aTS well (Fig. 3). This problem was al-
ready investigated in an other research.7

In a new approach, eq. (3) (Van’t Hoff) is expanded
empirically and integrated
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A, C, and Tg are used as material-dependent parame-
ters. Equation (9) fits the test data very well (Fig. 4).

To explain the good fit of eq. (9), a closer look at the
free volume theory around the Tg has to be done.

Equation (6) must be specified for this temperature
range

f�T� � f0 � �f�T � Tg� for T � Tg

f�T� � f0 for T � Tg (10)

The resulting modified WLF is
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f�T�� for T � Tg

ln aT � B� 1
f�T0�

�
1
f0
� � const for T � Tg (11)

The plot of eq. (11) (modified WLF) and eq. (9) (arc
tangent) can be seen in Figure 4. There is a good
coincidence between the modified WLF, the arc tan-
gent, and the test results for temperatures � 20°C. At
temperatures � 20°C, the modified WLF curve di-
verges dramatically from the test results around the Tg

and changes abruptly to a horizontal line. This line
again fits test results at lower temperatures. The arc
tangent curve is in the region of the Tg, smoother than
the modified WLF, and follows the test results. At low
temperatures, the arc tangent also approaches this
limit.

Bulk

According to the DMA tests, the thermorheological
simple behavior of the material in bulk tests must be
investigated. Here, a wicket plot is not possible. There-
fore, the measured forces are displayed as a function
of the reduced time 	 (Fig. 5):

	 �
t

aT
(12)

In eq. (12), aT are the time–temperature shift factors for
the relaxation tests and t is the measured time. In

Figure 3 Shifting factors aTS for shear (T0 � 20°C) with
WLF and Arrhenius fit.

Figure 4 Shifting factors aTS for shear (T0 � 20°C) with
modified WLF and arc tangent fit.

Figure 5 Master curve for relaxation tests between �10
and 15°C.
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Figure 5, there are reduced data in the area between
�10 and 15°C, which is representative for all mea-
sured data. There is a large conformance, which sup-
ports the validity of the shifting procedure.

The resulting shift factors can also be described by
an arc tangent function (Fig. 6). However, the bulk
factors aTB differ from the factors aTS derived for the
shear behavior

AS 
 AB, CS 
 CB, TgS 
 TgB (13)

CONCLUSION

DMA at varying frequencies and temperatures and
bulk tests at varying temperatures and times were
carried out on i-PP to obtain the relaxation spectra.
Traditionally, the combination of time and tempera-
ture was done by the creation of a master curve based
on Arrhenius or WLF equations. Both equations di-
verge from the experimental data in the region below
the Tg.

Instead, the Van’t Hoff equation was expanded em-
pirically and integrated to derive a new arc tangent
function. This new function fits the experimental data
very well. Therewith, it is possible to describe the bulk
and shear behavior.

The thermorheological behavior of i-PP around
glass transition is dependent on the mode of mechan-
ical load. Shear tests resulted in totally different shift-
ing factors than bulk tests. Therefore, testing must be
carried out at two different and independent modes of
loads to determine the whole three-dimensional ther-
morheological behavior.

Further investigations will show if this new ap-
proach can be generalized for semicrystalline poly-
mers around glass transition.

Thanks to Basell for the free distribution of polymer. Fur-
thermore, we thank Mr. S. R. Raisch and Mr. H. Klink for the
testing.
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